Introduction {#Sec1}
============

The boundary element method (BEM) for the discretization of boundary integral equations is an established numerical method for solving partial differential equations on (un)bounded domains. As an energy projection method, the Galerkin BEM is, like the finite element method (FEM), (quasi-)optimal in some global norm. However, often the quantity of interest is not the error on the whole domain, but rather a local error on part of the computational domain. For the FEM, the analysis of local errors goes back at least to \[[@CR18]\]; advanced versions can be found in \[[@CR10], [@CR30]\]. For the Poisson problem, the local error estimates typically have the formwhere *u* is the exact solution, $\documentclass[12pt]{minimal}
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                \begin{document}$$u_h$$\end{document}$ the finite element approximation from a space $\documentclass[12pt]{minimal}
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                \begin{document}$$X_h$$\end{document}$ of piecewise polynomials, and $\documentclass[12pt]{minimal}
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                \begin{document}$$R{:}{=}\text {dist}(B_0,\partial B_1)$$\end{document}$. Thus, the local error in the energy norm is bounded by the local best approximation on a larger domain and the error in the weaker $\documentclass[12pt]{minimal}
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                \begin{document}$$L^2$$\end{document}$-norm. The local best approximation allows for convergence rates limited only by the local regularity; the $\documentclass[12pt]{minimal}
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                \begin{document}$$L^2$$\end{document}$-error is typically controlled with a duality argument and limited by the regularity of the dual problem as well as the global regularity of the solution. Therefore, if the solution is smoother locally, we can expect better rates of convergence for the local error.

Significantly fewer works study the local behavior of the BEM. The case of smooth two dimensional curves is treated in \[[@CR5], [@CR21], [@CR28]\], in \[[@CR27]\] three dimensional screen problems are studied, and \[[@CR14]\] discusses local error estimates on polygons. \[[@CR19], [@CR20]\] provide estimates in the $\documentclass[12pt]{minimal}
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                \begin{document}$$L^{\infty }$$\end{document}$-norm on smooth domains. Local error estimators for the BEM are presented in \[[@CR23]\]. However, for the case of piecewise smooth geometries such as polygonal and polyhedral domains, sharp local error estimates that exploit the maximal (local) regularity of the solution are not available. Moreover, the analyses of \[[@CR14], [@CR21], [@CR27], [@CR28]\] are tailored to the energy norm and do not provide optimal local estimates in stronger norms, whereas \[[@CR5]\] imposes additional global regularity.

In this article, we obtain sharp local error estimates for lowest order discretizations on quasi-uniform meshes for Symm's integral equation in the $\documentclass[12pt]{minimal}
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                \begin{document}$$L^2$$\end{document}$-norm and for the (stabilized) hyper-singular integral equation in the $\documentclass[12pt]{minimal}
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                \begin{document}$$H^1$$\end{document}$-seminorm on polygonal/polyhedral domains. Structurally, the local estimates are similar to ([1.1](#Equ1){ref-type=""}): The local error is bounded by a local best approximation error and a global error in a weaker norm. More precisely, our local convergence rates depend only on the local regularity and the sum of the rates given by the global regularity and the additional regularity of the dual problem on polygonal/polyhedral domains. Numerical examples show the sharpness of our analysis. As discussed in Remark [2.5](#FPar6){ref-type="sec"} below, our results improve \[[@CR21], [@CR27], [@CR28]\] as estimates in $\documentclass[12pt]{minimal}
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                \begin{document}$$H^1$$\end{document}$ (for the hyper-singular equation) are obtained there from local energy norm estimates with the aid of inverse estimates, thereby leading to a loss of $\documentclass[12pt]{minimal}
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                \begin{document}$$h^{-1/2}$$\end{document}$. In contrast, we avoid using an inverse inequality to go from the energy norm to a stronger norm.

The paper is structured as follows. We start with some notations and then present the main results for both Symm's integral equation and the hyper-singular integral equation in Sect. [2](#Sec3){ref-type="sec"}. In Sects. [3](#Sec6){ref-type="sec"} and [4](#Sec7){ref-type="sec"} we are concerned with the proofs of these results. First, some technical preliminaries that exploit the additional regularity on piecewise smooth geometries to prove some improved *a priori* estimates for solutions of Poisson's equation as well as for the boundary integral operators are presented. Then, we prove the main results, first for Symm's equation, then for the stabilized hyper-singular equation. In principle, the proofs take ideas from \[[@CR30]\], but important modifications of the arguments are necessary due to the nonlocal character of the integral operators. As in \[[@CR30]\] a key ingredient are interior regularity estimates, which were provided recently in \[[@CR11], [@CR12]\], and to exploit some additional smoothing properties of commutators that arise in a localization step. Finally, Sect. [5](#Sec10){ref-type="sec"} provides numerical examples that underline the sharpness of our theoretical local *a priori* estimates.

Notation on norms {#Sec2}
-----------------
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                \begin{document}$$\omega \subset {\mathbb {R}}^d$$\end{document}$, we define the integer order Sobolev spaces $\documentclass[12pt]{minimal}
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                \begin{document}$$k \in {\mathbb {N}}_0$$\end{document}$, in the standard way \[[@CR15], p. 73ff\]. The fractional Sobolev spaces $\documentclass[12pt]{minimal}
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                \begin{document}$$H^{k+s}(\omega )$$\end{document}$ are understood in a piecewise way with norm $\documentclass[12pt]{minimal}
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                \begin{document}$$s \ge 0$$\end{document}$, consist of those function whose zero extension to $\documentclass[12pt]{minimal}
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                \begin{document}$${\widetilde{H}}^s(\omega )$$\end{document}$. We will make use of the fact that for bounded Lipschitz domains $\documentclass[12pt]{minimal}
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                \begin{document}$$\varGamma {:}{=} \partial \varOmega $$\end{document}$, we define Sobolev spaces $\documentclass[12pt]{minimal}
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                \begin{document}$$s \in [0,1]$$\end{document}$ as described in \[[@CR15], p. 96ff\] using local charts. For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s > 1$$\end{document}$, we *define* the spaces $\documentclass[12pt]{minimal}
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### Remark 1.1 {#FPar1}

(equivalent norm definitions) (i)For $\documentclass[12pt]{minimal}
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We will call axis-parallel squares/cubes "boxes".

Main results {#Sec3}
============
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Symm's integral equation {#Sec4}
------------------------
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### Theorem 2.3 {#FPar4}
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In the results of \[[@CR18], [@CR30]\] singularities far from the domain of interest still have a weak influence on the local convergence of the FEM. Corollary [2.4](#FPar5){ref-type="sec"} shows that this is similar in the BEM: The *a priori* estimate shows the effect of singularities of the solution (represented by $\documentclass[12pt]{minimal}
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### Remark 2.5 {#FPar6}
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### Remark 2.6 {#FPar7}
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The hyper-singular integral equation {#Sec5}
------------------------------------

For the Neumann problem, we assume an extended shift theorem as well.

### Assumption 2.7 {#FPar8}

$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varOmega \subset {\mathbb {R}}^d$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d\ge 2$$\end{document}$, is a bounded Lipschitz domain whose boundary consists of finitely many affine pieces (i.e., $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varOmega $$\end{document}$ is the intersection of finitely many half-spaces). $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R_\varOmega > 0$$\end{document}$ is such that the open ball $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_{R_{\varOmega }}(0) \subset {\mathbb {R}}^d$$\end{document}$ contains $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\overline{\varOmega }}$$\end{document}$. The parameter $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _N \in (0,\alpha _D]$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _D$$\end{document}$ is the parameter from Assumption [2.1](#FPar2){ref-type="sec"}, is such that for every $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varepsilon \in (0,\alpha _N]$$\end{document}$ there is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_\varepsilon > 0$$\end{document}$ such that for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f \in H^{-1/2+\varepsilon }(B_{R_\varOmega }(0){\setminus }\varGamma )$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g \in H^{\varepsilon }(\varGamma )$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\int _{\varOmega }f +\int _{\varGamma } g = 0$$\end{document}$ the *a priori* bound$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left\| T f \right\| _{H^{3/2+\varepsilon }(B_{R_{\varOmega }}(0)\backslash \varGamma )}\le C_\varepsilon \left( \left\| f \right\| _{H^{-1/2+\varepsilon }(B_{R_{\varOmega }}(0)\backslash \varGamma )} + \left\| g \right\| _{H^{\varepsilon }(\varGamma )} \right) \end{aligned}$$\end{document}$$holds, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$u{:}{=} Tf \in H^1(B_{R_\varOmega }(0){\setminus }\varGamma )$$\end{document}$ denotes the solution of$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} -\varDelta u&= f \quad \text{ in } \varOmega , \qquad&\gamma _1^\mathrm{int} u = g \quad \text{ on } \varGamma ,&\qquad \left\langle u,1 \right\rangle _{L^2(\varOmega )} = 0,\\ -\varDelta u&= f \quad \hbox {in } B_{R_{\varOmega }}(0)\backslash \overline{\varOmega }, \qquad&\gamma _1^\mathrm{ext} u = g \quad \hbox {on }\varGamma ,&\qquad \gamma _0^\mathrm{int} u = 0 \quad \hbox {on } \partial B_{R_{\varOmega }}(0). \end{aligned}$$\end{document}$$

The condition on the parameter $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _N$$\end{document}$ again can be described in terms of two problems, a pure Neumann problem posed in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varOmega $$\end{document}$, for which we need a compatibility condition, and a mixed Dirichlet--Neumann problem posed on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_{R_\varOmega }(0) \backslash \overline{\varOmega }$$\end{document}$, which is uniquely solvable without the need to impose a solvability condition for *f*, *g*.

The parameter $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _N$$\end{document}$ again depends only on the geometry and the corners/edges that induce singularities. In fact, on polygonal domains, i.e., $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d=2$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _D = \alpha _N$$\end{document}$, see, e.g., \[[@CR9]\].

Studying the inhomogeneous Neumann boundary value problem $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-\varDelta u = 0$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\partial _n u = g$$\end{document}$, leads to the boundary integral equation of finding $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi \in H^{1/2}(\varGamma )$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W\varphi = f$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f \in H^{-1/2}(\varGamma )$$\end{document}$ satisfying the compatibility condition $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\left\langle f,1 \right\rangle _{L^2(\varGamma )} = 0$$\end{document}$, and the hyper-singular integral operator $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$W \in L(H^{1/2}(\varGamma ),H^{-1/2}(\varGamma ))$$\end{document}$ defined by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} W\varphi (x) = -\partial _{n_x}\int _{\varGamma }\partial _{n_y}G(x,y)\varphi (y) ds_y, \quad x \in \varGamma . \end{aligned}$$\end{document}$$We additionally assume that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varGamma $$\end{document}$ is connected, so that the hyper-singular integral operator has a kernel of dimension one consisting of the constant functions. Therefore, the boundary integral equation is not uniquely solvable. Employing the constraint $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\left\langle \varphi ,1 \right\rangle _{L^2(\varGamma )} = 0$$\end{document}$ leads to the stabilized variational formulation$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left\langle W\varphi ,\psi \right\rangle _{L^2(\varGamma )} + \left\langle \varphi ,1 \right\rangle _{L^2(\varGamma )}\left\langle \psi ,1 \right\rangle _{L^2(\varGamma )} = \left\langle f,\psi \right\rangle _{L^2(\varGamma )} \quad \forall \psi \in H^{1/2}(\varGamma ), \end{aligned}$$\end{document}$$which has a unique solution $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi \in H^{1/2}(\varGamma )$$\end{document}$, see, e.g., \[[@CR26]\]. For the Galerkin discretization we employ lowest order test and trial functions in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S^{1,1}(\mathcal {T}_h){:}{=}\{u \in H^1(\varGamma ):u|_{T_j} \in \mathcal {P}_1 \,\forall T_j \in \mathcal {T}_h\}$$\end{document}$, which leads to the discrete variational problem of finding $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi _h \in S^{1,1}(\mathcal {T}_h)$$\end{document}$ such that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left\langle W\varphi _h,\psi _h \right\rangle _{L^2(\varGamma )} + \left\langle \varphi _h,1 \right\rangle _{L^2(\varGamma )}\left\langle \psi _h,1 \right\rangle _{L^2(\varGamma )} = \left\langle f,\psi _h \right\rangle _{L^2(\varGamma )} \quad \forall \psi _h \in S^{1,1}(\mathcal {T}_h). \end{aligned}$$\end{document}$$The following theorem is the analog of Theorem [2.3](#FPar4){ref-type="sec"} for the hyper-singular integral equation. The local error in the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H^1$$\end{document}$-seminorm is estimated by the local best approximation error and the global error in a weak norm.

### Theorem 2.8 {#FPar9}

Let Assumption [2.7](#FPar8){ref-type="sec"} hold and let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {T}_h$$\end{document}$ be a quasi-uniform, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma $$\end{document}$-shape regular triangulation. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi \in H^{1/2}(\varGamma )$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi _h \in S^{1,1}(\mathcal {T}_h)$$\end{document}$ satisfy the Galerkin orthogonality condition$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \langle W( \varphi - \varphi _h),\psi _h\rangle _{L^2(\varGamma )} + \left\langle \varphi -\varphi _h,1 \right\rangle _{L^2(\varGamma )}\left\langle \psi _h,1 \right\rangle _{L^2(\varGamma )}= 0 \qquad \forall \psi _h \in S^{1,1}(\mathcal {T}_h). \end{aligned}$$\end{document}$$Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varGamma _0$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\widehat{\varGamma }}$$\end{document}$ be open subsets of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varGamma $$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varGamma _0\subset {\widehat{\varGamma }} \subsetneq \varGamma $$\end{document}$ and . Let *h* be such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_{\alpha _N}\frac{h}{R}\le \frac{1}{12}$$\end{document}$ with a fixed constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_{\alpha _N}$$\end{document}$ depending only on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _N$$\end{document}$. Assume that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varphi \in H^{1}({\widehat{\varGamma }})$$\end{document}$. Then, we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left\| \varphi -\varphi _h \right\| _{H^{1}(\varGamma _0)} \le C \left( \inf _{\chi _h\in S^{1,1}(\mathcal {T}_h)} \left\| \varphi - \chi _h \right\| _{H^{1}({\widehat{\varGamma }})} + \left\| \varphi -\varphi _h \right\| _{H^{-\alpha _N}(\varGamma )}\right) . \end{aligned}$$\end{document}$$The constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C>0$$\end{document}$ depends only on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varGamma ,\varGamma _0,{\widehat{\varGamma }},d,R,$$\end{document}$ and the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma $$\end{document}$-shape regularity of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {T}_h$$\end{document}$.

Again, assuming additional regularity, the local estimate of Theorem [2.8](#FPar9){ref-type="sec"} leads to a higher rate of local convergence of the BEM for the stabilized hyper-singular integral equation.

### Corollary 2.9 {#FPar10}
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Shift theorems {#Sec6}
==============

The following two sections are dedicated to the proofs of Theorem [2.3](#FPar4){ref-type="sec"} and Corollary [2.4](#FPar5){ref-type="sec"} for Symm's integral equation as well as Theorem [2.8](#FPar9){ref-type="sec"} and Corollary [2.9](#FPar10){ref-type="sec"} for the hyper-singular integral equation. We start with some technical results that are direct consequences of the assumed shift theorems from Assumption [2.1](#FPar2){ref-type="sec"} for the Dirichlet problem and Assumption [2.7](#FPar8){ref-type="sec"} for the Neumann problem. The shift theorem of Assumption [2.1](#FPar2){ref-type="sec"} implies the following shift theorem for Dirichlet problems:

Lemma 3.1 {#FPar11}
---------
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Proof: {#FPar12}
------
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The following lemma collects mapping properties of the single-layer operator *V* that exploits the present setting of piecewise smooth geometries:
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Proof: {#FPar14}
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In addition to the single layer operator *V*, we will need to understand localized versions of these operators, i.e., the properties of commutators. For a smooth cut-off function $\documentclass[12pt]{minimal}
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The shift theorem for the Neumann problem from Assumption [2.7](#FPar8){ref-type="sec"} implies the following shift theorem.

Lemma 3.4 {#FPar17}
---------
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The following lemma collects mapping properties of the double-layer operator *K* and the hyper-singular operator *W* that exploit the present setting of piecewise smooth geometries:

Lemma 3.5 {#FPar19}
---------
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Proof of main results {#Sec7}
=====================

With the consequences of the shift theorems from the previous section, we can prove our main results, the local error estimates for Symm's integral equation and the hyper-singular integral equation.

Symm's integral equation (proof of Theorem [2.3](#FPar4){ref-type="sec"}) {#Sec8}
-------------------------------------------------------------------------
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### Proposition 4.1 {#FPar23}
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As a consequence of this interior regularity estimate and Lemma [3.1](#FPar11){ref-type="sec"}, we get an estimate for the jump of the normal derivative of a discrete harmonic single-layer potential.

### Lemma 4.2 {#FPar24}
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### Proof: {#FPar25}
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### Lemma 4.3 {#FPar26}
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In order to prove Theorem [2.3](#FPar4){ref-type="sec"}, we need a lemma:
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### Proof: {#FPar29}
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### Remark 4.5 {#FPar32}

The term of slowest convergence in the case of high local regularity is the global error in the negative $\documentclass[12pt]{minimal}
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### Remark 4.6 {#FPar33}

Remark [4.5](#FPar32){ref-type="sec"} states that the local rate of convergence is limited by the shift theorem of Assumption [2.1](#FPar2){ref-type="sec"}. If the geometry $\documentclass[12pt]{minimal}
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The hyper-singular integral equation (proof of Theorem [2.8](#FPar9){ref-type="sec"}) {#Sec9}
-------------------------------------------------------------------------------------

We start with the Galerkin orthogonality$$\documentclass[12pt]{minimal}
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### Proposition 4.7 {#FPar34}

\[[@CR12], Lemma 3.8\] For discrete harmonic functions $\documentclass[12pt]{minimal}
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### Lemma 4.8 {#FPar35}
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### Lemma 4.9 {#FPar37}
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### Proof: {#FPar38}
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The following lemma is similar to Lemma [4.2](#FPar24){ref-type="sec"}. Here, we obtain an estimate for the jump of the trace of a discrete harmonic double-layer potential.

### Lemma 4.10 {#FPar39}
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Numerical examples {#Sec10}
==================

In this section we provide numerical examples to illustrate the theoretical results of Sect. [2](#Sec3){ref-type="sec"} and indicate their sharpness. We only consider Symm's integral equation on quasi-uniform meshes. Provided the right-hand side and the geometry are sufficiently smooth, it is well-known that the lowest order boundary element method in two dimensions converges in the energy norm as $\documentclass[12pt]{minimal}
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Example 1: L-shaped domain {#Sec11}
--------------------------

On the L-shaped domain depicted in Fig. [1](#Fig1){ref-type="fig"} (left), the dual problem permits solutions of regularity $\documentclass[12pt]{minimal}
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Figure [2](#Fig2){ref-type="fig"} shows the global convergence in the energy norm (blue squares) as well as the local convergence on the fat, red part of the boundary ($\documentclass[12pt]{minimal}
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Example 2: Z-shaped domain {#Sec12}
--------------------------

We consider the Z-shaped geometry depicted in Fig. [1](#Fig1){ref-type="fig"} (right). Here, the dual problem permits solutions of regularity $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H^{\alpha _D}(\varGamma )$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _D = \frac{1}{14}-\varepsilon $$\end{document}$. Again, we observe the expected convergence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$O(N^{-\alpha })$$\end{document}$ for the global error in the energy norm in Fig. [3](#Fig3){ref-type="fig"}. However, in contrast to the previous example on the L-shaped domain, we do not obtain a rate of 1 for the local error in the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L^2$$\end{document}$-norm for the case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha =\frac{1}{3}$$\end{document}$, but rather a rate of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${-19/21}$$\end{document}$, since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\frac{1}{2}+\alpha _D + \alpha = \frac{19}{21}-\varepsilon $$\end{document}$. For the choice $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha =\frac{1}{8}$$\end{document}$, we observe convergence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {O}(N^{-1/2-1/14-1/8}) = \mathcal {O}(N^{-39/56})$$\end{document}$, which once more matches the theoretical convergence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N^{-1/2-\alpha -\alpha _D}$$\end{document}$.

Open access funding provided by TU Wien (TUW).
